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Margin liquidation can turn a smooth price decline into an abrupt loss of market exposure. We
study a one-asset absorbing threshold model in which positions are weighted by dollar exposure
and forced sales feed back through price impact. The local instability is controlled by the exposure
density near the maintenance threshold, the sensitivity of that threshold to price, and marginal
impact. For finite cohorts, the classical Daniels-Smith fiber-bundle exponents remain the reference
scaling laws. The new result is the weighted variance, including normalization fluctuations, and the
resulting parameter-free prefactors for nonlinear price-mediated load sharing. Heavy-tailed exposures
form a less settled regime in which rare large, conservatively levered holders can delay the loss
of stability. An event-independent background-loss statistic agrees closely with the corresponding
mean-field dilution prediction. Path-resolved simulations with partial deleveraging and transient
impact show a finite cascade duration and stalled ignition when price impact decays too quickly.

I. INTRODUCTION

A leveraged market can fail abruptly even when the
external shock itself changes smoothly. The mechanism
is simple: a price decline pushes some positions through
their maintenance thresholds, and forced sales then lower
the same price that determines the solvency of the re-
maining positions. The question addressed here is when
this feedback removes a macroscopic fraction of exposure
at once. The answer is a local instability condition: the
product of the dollar exposure density near the moving
maintenance threshold, the sensitivity of that threshold
to price, and the marginal price impact reaches unity. At
that point the low-liquidation state disappears and the
system jumps to a high-liquidation state. The jump is
irreversible: reducing the external shock afterward does
not restore positions that have already been sold.

Several results are derived in this article: (1) The insta-
bility is controlled by exposure, so the joint distribution of
position size and leverage can move the collapse boundary
substantially. (2) The abrupt transition does not require
a square-root impact singularity, or even strict concavity:
linear, logarithmic, saturating, and linear-to-square-root
response laws can all produce the same loss of stability
when their marginal response is large enough. (3) Finite
cohorts have nontrivial and quantitatively predictable
corrections. With finite exposure variance, the collapse
threshold fluctuates as IV _%, its mean lies above the
infinite-population threshold by order N ’%, and the state
from which the macroscopic jump begins fluctuates as
N~3. Event-driven simulations recover the predicted pref-
actors without fitted parameters. Heavy-tailed position
sizes break this ordinary finite-size picture: typical fluc-
tuations shrink more slowly, while rare dominant holders
can delay or reorganize the main event. In a path-resolved
model, transient impact introduces a second competition,
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between the time needed for a cascade to recruit new sell-
ers and the time over which its own price impact decays.
When impact memory is short, the cascade is delayed and
fragmented, and weak first waves can die out before a
later macroscopic ignition.

These effects connect familiar financial feedback mech-
anisms to an absorbing threshold transition. Funding-
liquidity spirals, leverage cycles, portfolio insurance, fire
sales, and related models all contain versions of price-
mediated deleveraging [1-9]. Price-mediated contagion
with capital constraints and downward-sloping demand ap-
pears in early fire-sale models and in modern stress-testing
frameworks [10-14]. Threshold models more broadly are
a standard route to collective cascades [15-17], while
smooth positive-feedback systems can develop folds and
cusps [18-20]. The present setting differs in one important
respect: liquidation is absorbing. The reversible fixed-
point equation is useful for locating the loss of stability,
but its lower fold is not a physical recovery path: the cusp
does not represent equilibrium coexistence or reversible
hysteresis.

The closest finite-size analog is the global-load-sharing
fiber bundle [21, 22], for which failure occurs when a com-
mon load pushes heterogeneous elements beyond their
thresholds. Fiber-bundle ideas have previously been used
in financial cascade models [23-25]. Here the common
variable is market price rather than a conserved mechani-
cal load: failed positions carry unequal dollar exposures,
exposure can correlate with leverage, price impact can be
nonlinear, and the impact itself can decay. These changes
generate the weighted finite-cohort theory, the heavy-tail
effects, and the stalled-ignition regime developed below.
Institutional data motivate nonlinear impact, including a
crossover from linear to square-root response [26], while
latent-liquidity models provide related mechanisms for
nonlinear price response [27, 28|. Kyle’ s linear model is
used only as a benchmark [29].

A different structural mechanism is finite carrying ca-
pacity. Caravelli, Sindoni, Caccioli, and Ududec [30] study



stochastic growth when available resources impose a finite
carrying capacity. In the present setting, the analogous
extension would make the market’ s remaining demand-
side absorption capacity a state variable that is depleted
by forced sales and replenished over time. That mecha-
nism is distinct from the exogenous impact functions used
here, because the capacity to absorb the next sale would
depend on the history of previous sales. It is not included
in the present model, but it is a natural extension for
markets in which the pool of marginal buyers is itself
finite.

Kavya [31] independently develops a threshold-density
model of stop-loss and margin-liquidation cascades with
a local density-impact instability criterion, shock-driven
discontinuous transitions, and a Galton-Watson descrip-
tion of precursor cascades. Those results overlap with
the equal-exposure instability analysis in Secs. III-IV and
with the account-count branching construction in Sec. IX.
Accordingly, the novelty claimed here does not rest on the
existence of the fold, the local density-impact criterion,
or the Galton-Watson mechanism. It rests on unequal
dollar exposures and their correlation with leverage, the
weighted finite-cohort calculation and its prefactors, the
heavy-tail dominant-holder regime, and the competition
between intrinsic cascade duration and finite impact mem-
ory. Empirical studies of crypto-perpetual liquidations
likewise find event-heterogeneous early-warning behavior
[32] and subecritical within-venue branching during an
abrupt market-wide transition [33].

The paper proceeds from the minimal threshold model
to progressively less idealized dynamics. Sections 1I-VI
derive the instability boundary and show how it moves
with the initiating drawdown, maintenance requirement,
exposure-leverage dependence, and impact law. Sections
VII-IX develop and test the finite-cohort, heavy-tail, and
precursor-avalanche predictions using event-driven sim-
ulations and fiber-bundle methods [21, 34-39]. Section
X then resolves partial deleveraging, execution delays,
rate limits, and transient impact. The resulting picture
is mechanical rather than calibrated to a specific asset: it
identifies which combinations of balance-sheet thresholds,
exposure concentration, and market impact are sufficient
for an abrupt liquidation cascade, and which finite-size
and time-scale effects can move or split that transition.

II. EXPOSURE-WEIGHTED THRESHOLD
MODEL

A. Maintenance threshold

Let the initial price be 1. A long position with leverage
$: > 1 has initial equity 1/J; per unit asset and debt
1 —1/7;. After a fractional drawdown d, the asset value
is 1 — d while debt is unchanged. Requiring the equity
ratio to remain above a maintenance fraction m gives a
breach when
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enters the feedback gain. Leverage is parameterized by
a latent standard normal variable Z,

3 = max [1, i (1+ aZi)] , (3)

where J is the central leverage and o the relative cross-
sectional dispersion. The lower censoring is irrelevant for
the upper-tail calculations reported below.

B. Exposure weighting

A sale moves price in proportion to exposure, not to
the number of accounts. Let Q; be the initial position
size and define the exposure-weighted breach-response
function

E1Q1{T =Tin(d)}]
E[Q]
The unweighted account fraction is recovered only when

Q is constant or independent of the threshold variable. A
tractable joint model is

F(d) = (4)

2

s
Q = Qoexp [sq (pqu—F —p2, U) 2] , U~ N(0,1),

with U independent of Z. The exponential tilt gives
the closed form (Appendix A)

Fd)=9o <X X = Pgz8q,  (6)
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where ® is the standard normal cumulative distribution.
The joint distribution of position size and leverage enters
through the exposure tilt x. Positive xy means that larger
positions are concentrated in the higher-leverage tail.

For an arbitrary exposure-weighted leverage distribu-
tion Fg with density fg, Eq. (4) is F(d) =1 — Fg ({t),
and the local feedback gain contains

dith

_fQ ith >0, (7)

with the minus sign required because the maintenance
threshold falls as the price falls.



C. Impact law and effective feedback scale

Let f(z) be a normalized impact function with f(0) =
0, f(1) =1, f'(x) > 0, and, unless stated otherwise,
f"(z) < 0. The reversible static response associated with
a liquidated exposure fraction B is

d=dy+ Af(B), (8)

up to a price floor that is kept inactive in the ana-
lytic results. Here dj is the exogenous drawdown that
would occur without forced sales and A is an effective
feedback amplitude. For the square-root metaorder law
I = Yvg+/q/Vu, with vy the volatility and Vp the
traded volume on horizon H, selling a fraction B of a
vulnerable exposure @, gives

A=Yvu\Qu/Vn,

This mapping is meaningful only when Vy and the
participation regime are defined on the same horizon as
the impact estimate. A is not an empirically measured
quantity in the simulations below and Eq. (9) does not
extrapolate to arbitrary Q,/Vy. If both @, and Vg
are fixed fractions of free float, free float cancels from
their ratio. Float is therefore not an independent control
variable of Eq. (8). Any float effect must operate through
Qv, Vi, volatility, or a change in the impact function
itself.

f(B)=VB. 9)

III. ABSORBING DYNAMICS

The static equality map is

B=G(B)=F[dy + Af(B)]. (10)

Its local gain is

dit /
lare).

R(B) = C'(B) = [—fQ (bon)

which factorizes into the exposure density near the
threshold, the balance-sheet sensitivity to price, and the
marginal market impact. A fold of the equality map
occurs at R = 1.

Liquidation itself is irreversible. Let L; be the cumula-
tive fraction of initial vulnerable exposure already liqui-
dated. For complete liquidation and permanent impact
the physical update is

Liy1 = maz[Ly, G(Lt)]. (12)

A stationary state needs only L > G(L). It need not
satisfy equality. Because G is monotone, iteration from

Ly = 0 converges to the least fixed point, analogous to
monotone fixed-point constructions in payment networks,
which admit least and greatest clearing vectors [40]. The
equality map is therefore a bifurcation diagram, and only
the loss of its low fixed point controls the onset of a
monotone cascade. The descending branch and the lower
fold are not a recovery path for exposure that has already
been sold.

For nondecreasing driving and a monotone response
map, iteration from zero is already nondecreasing, so the
max operator in Eq. (12) is inactive along the approach
to collapse. It becomes essential when the external field
is later reduced, because it prevents already liquidated
exposure from reappearing. -

Figure 1 illustrates the distinction at § =2, o = 0.16,
m = 0.25, x = 0.30, A = 0.30, and square-root impact.
The equality map written as do(B) has folds at

Byp =0.0293, do,up = 0.10893; Biow = 0.4128,
(13)

Under the absorbing update, increasing dy produces

a single macroscopic jump at the upper-fold field dy =
0.10893, from B = 0.0293 to 0.7113, a jump of 0.682. De-
creasing d afterward does not recreate the sold exposure.
The cusp of the equality map organizes the collapse bound-
ary but should not be read as equilibrium coexistence or

reversible hysteresis.

IV. ANALYTIC PHASE BOUNDARY

For the power impact family f(B) = B*, 0 < a < 1,
define

z=o"4B), A=1-0(z—y), c=1-m,

(14)

In Eq. (14), the exposure shift is inside the parentheses
before multiplication by the leverage dispersion.

Solving Eq. (6) for i gives the equation of state

X 1
BiA)=—————. 1
HB:A) A (bg 4 cAB®) (15)

The fold condition 83/0B = 0 yields (Appendix B)

Ub()Blia
Asp(B) = claAp(z) — oB]’ (16)
where ¢ is the standard normal density and the denom-
inator must be positive. The cusp is the minimum of Eq.
(16) over the physical interval. Two dependencies follow.
For fixed (o, x, «) the cusp fraction B* is independent of
m and dg, while

, 1" x bl (17)

do,1ow = 0.08

bo = m+0d0.
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FIG. 1. Reversible bifurcation diagram versus absorbing dynamics for i =2, 0 =0.16, m = 0.25, x = 0.30, A = 0.30, and
square-root impact. (a) The equality map has two folds (dots). (b) The absorbing update started from zero follows the least
fixed point until the upper fold is lost (dashed line), then jumps to the high-liquidation state. There is no lower-fold recovery of

sold exposure.

A large initiating drawdown therefore moves the cusp to
lower leverage. For ¢ = 0.16, x =0, and o = 1/2, B* =
0.14447. At m = 0.25 the cusp (A, 1*) is (0.212, 2.457)
for do = 0.05, (0.240, 2.173) for dy = 0.10, (0.295, 1.766)
for dy = 0.20, and (0.389, 1.339) for dy = 0.37. Fragility
at near-unit leverage requires a very large exogenous
decline. For smaller shocks the cusp persists at higher
leverage (Fig. 2). -

At the cusp of the equality map, with H (B;i,A) =
G(B) — B, the scalar conditions are

HZHB:HBBZO, HBBB#Ov (18)
and a two-parameter unfolding additionally requires
Hz Hy
det ( .t 0. (19
et (gl gr,) #0019
Direct substitution verifies Eq. (19) for the parameter
sets used here.

V. POSITION-SIZE AND LEVERAGE
DEPENDENCE

Equation (6) shows why account fractions can be mis-
leading. The entire instability boundary shifts when large
positions are concentrated in a different part of the lever-
age distribution. Figure 3 varies the exposure tilt at
dp = 0.10, m = 0.25, 0 = 0.16, and o = 1/2. As x rises
from —0.8 to +0.8, A, falls from 0.276 to 0.212 and the
cusp leverage falls from 2.378 to 2.000. The equal-position
case x = 0 lies between, with (A.,1*) = (0.240, 2.173).

This result is not limited to the lognormal-normal con-
struction. For a general joint distribution, the relevant

quantity is the exposure-weighted density fg in Eq. (11).
The scalar threshold map is unchanged in form, but the
location and the existence of a fold depend on the amount
of dollar exposure near the moving maintenance threshold.

VI. DEPENDENCE ON THE IMPACT LAW

A square-root law has a divergent derivative at zero,
so it is necessary to determine whether the fold relies on
that feature. For a general normalized f and fixed J, the
equation of state in the external field is

1/(3A) —m

d(B) = t(B) - Af(B). wp)= LT oy
where t(B) is the exposure-weighted quantile of the
individual threshold fields (Appendix C), and a fold sat-

isfies

) -
f1(B)’ (1—m)TA%p(z)

Any increasing impact law can create a fold if its
marginal response is large enough relative to the weighted
threshold density and the balance-sheet slope. Five func-
tions with f(1) = 1 are considered:

Asp(B) = t'(B) = (21)

JE Vitaz/z.—1 - In(1 + kx) 1—eh
L Atz -1 W(l+k) 1—e R
(22)

The five laws are square-root, linear-to-square-root
crossover, linear, logarithmic, and saturating. With
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FIG. 3. Effect of exposure weighting at dp = 0.10, m = 0.25, o = 0.16, and square-root impact. The tilt x = pq.s4 is positive
when larger positions tend to have higher leverage. Positive tilt lowers both (a) the feedback amplitude needed for a cusp and
(b) the central leverage at the cusp. The dashed line is the uncorrelated case.

. = 0.02 for the linear-to-square-root crossover, k = 10

for the logarithmic law, and k£ = 4 for the saturating law.

For § = 2, 0 = 0.16, x = 0.30, and m = 0.25, all five
admit folds at finite feedback strength. The onset values
of A, the minima of Eq. (21), are 0.241, 0.221, 0.233,
0.184, and 0.138, respectively (Fig. 4). These values are
not empirically comparable because the functions differ
in shape despite common endpoint normalization. The
relevant result is that neither the square-root singularity
nor strict concavity is necessary for a threshold-induced
fold.

VII. FINITE-COHORT THEORY OF THE

COLLAPSE FIELD

A. Collapse as the maximum of a weighted
empirical process

The finite-size exponents used below are the classical
Daniels-Smith results for global-load-sharing fiber bun-
dles, not new critical exponents. The extension here is to
unequal exposure weights and nonlinear price-mediated
load sharing. The weighted empirical process contains
fluctuations of both the breached-exposure numerator
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and its random normalization, which changes the vari-
ance entering the collapse-field calculation and fixes the
prefactors tested below. A scalar-noise expansion of the
fold condition is not sufficient because collapse is a first-
passage event for a noise process that varies along the
state axis. The appropriate asymptotic tool is the Daniels
theory developed for fiber bundles [21, 34-37].

Consider N accounts with threshold fields ¢; (Appendix
C) and weights w; = Q;/>_; Q;. Sort the accounts by
increasing t; and let Tv(B) be the weighted empirical
quantile, the threshold of the account at which the cumu-
lative weight first reaches B. With complete liquidation
and permanent impact, the external field required to
breach that account when the exposure B before it has
been sold is

d(N) _

Dn(B) =Ty (B)—Af(B), 0+ =

max
B near B4

Dy (B).
(23)
The low-liquidation state survives until dy exceeds the
local maximum of Dy, so the second relation defines the
finite-cohort collapse field. As N — oo, Dy (B) — do(B)
of Eq. (20) and the maximum is the upper fold.

To  leading order Tn(B) — t(B) ~
—t/(B) [Fn (t(B)) — B], where Fy is the weighted empir-
ical distribution of the t;. The process VN (Fy — B)
converges to a Gaussian process with variance

V(B) = (1-B)? my(B)+B? [ma(1) — ma(B)], ma(B)

(24)
which includes the fluctuation of the normalization
> ; @j, and with locally Brownian increments of variance

rate g2(B) = dmgy/dB. For the lognormal-normal model
of Eq. (5),

mao(B) = et D(z+x),
(25)
Near the fold, with w = B— B, and kK = —d{ (B+) > 0,

q2(B) = exp (sg — Xz — X2/2) .

t (B
Dy (By + 1) = do_p — 24 L)

2
N (26)

where Y is a standard normal variable and W is a
two-sided standard Brownian motion with W(0) = 0.
The first noise term shifts the whole parabola and gives
the leading dispersion. The second term makes the lo-
cation of the maximum random. Brownian scaling [37]
gives max, [eW (u) — ku?/2] = (e*/k) Y3 M in distribu-
tion, with M = max, [W(v) — v2/2], and the maximizer

scales as (¢/k)%/%. With ¢g = ' (By) /g2 (BL), the pre-
dictions are

s |[d§¥)] =t (By) VV (B NTV2(21)

K

4N 1/3
() omeon () oo

(28)
ith E[M] = 0.99619 [37] and s, = 22/3/0.26356 =
A S St

deviation of the maximizer, obtained
from tHd@Hriance of Chernoff’s distribution [41]. The
mean shift is positive: a finite cohort collapses later than
the mean-field fold. The displacement of the state at take-
off is of order N=1/3, not the N~/4 that a scalar-noise

[\/V (BL)Y + /¢ (By) W(U):



saddle-node expansion would suggest. Equal exposures
are recovered with mq(B) = B, for which V = B(1 — B)
and g2 = 1, the classical bundle result.

B. Numerical test

Eqgs. (27) and (28) were tested with the event-driven
quasistatic protocol of Appendix C, which has no control
grid. Cohorts have § =2, 0 = 0.16, m = 0.25, A = 0.30,
54 =0.75, and p,. = 0.4, so that x = 0.30 and the mean-
field fold is Eq. (13). The theory inputs are ¢’ (By) =
0.8761, k = 6.765, V (B) = 0.0937, and ¢2 (B4) = 2.959,
which give the coefficients 0.2682 for the dispersion, 0.9100
for the mean shift, and 0.2995 for the takeoff state. Table
I and Fig. 5 compare these predictions with simulations
for N = 250 to 256, 000.

For N > 4000 the mean shift agrees with Eq. (28)
within statistical error. The simulated dispersion of the
collapse field lies 4% to 7% below the leading-order pre-
diction, and the ratio approaches one slowly, as expected
for corrections of relative order N=/¢. The takeoff-state
dispersion agrees within 6% for N > 16,000. Fitted over
the full range, the exponents are —0.48 for the collapse-
field dispersion and —0.67 for the mean shift. The mean
macroscopic jump converges to the mean-field value 0.682
from above (0.684 at N = 256,000). The dispersion of
the jump size decays with an effective exponent of —0.39
over the full range and —0.41 over the four largest sizes.
This is a crossover: the jump is the difference between a
landing state, whose fluctuations are of order N~/2, and
the takeoff state, whose fluctuations are of order N—1/3
and dominate asymptotically.

VIII. HEAVY-TAILED EXPOSURES

The theory developed in the previous section requires
E [Qz] < o0. Economic size distributions and trading-
related quantities are often heavy tailed [42], and granular
effects of this kind are known to survive aggregation
in other economic settings [43]. Assume Q is Pareto
distributed,

Pr(Q > z) =a7#, x>1, pu>1, (29)

independent of leverage, so that x = 0 and the mean-
field map is unchanged by the weighting. For § = 2,
o =0.16, m = 0.25, A = 0.30, and square-root impact the
folds are (B4, dp +) = (0.0415, 0.12746) and (B_,dp,_) =
(0.3435, 0.11713). For 1 < p1 < 2 the sum ), Q; (1, — B)
that controls Fy — B is attracted to a stable law and
fluctuates on the scale N'/#, so that the typical spread

of the collapse field is

IQR [dé@} ~ N*(lfl/u)’ 1<p<?, (30)

in place of N~1/2. There is a second scale. The largest

weight in a cohort is of order N'/#~1 and the probability
that a single account holds more than a fixed fraction w
of the total exposure is of order N'~#. Such an account
changes the collapse field by an amount of order one.
If its threshold lies above the fold field, which is the
likely case because only a fraction By of accounts lie
below it, the account dilutes the weights of all others:
the remaining cohort behaves as if the feedback were
reduced to Af ((1 —w)B), the fold moves to a higher
field or disappears, and the collapse is late. A dominant
account below the fold triggers an early collapse instead,
with a probability smaller by a factor of order B;. Hence

Pr[dfY) > doy + 6] ~ N1,

s.d. [dgﬁ)] ~ N—=1)/2,

(31)

for fixed § of order one in units of the threshold dis-

persion. Since (u—1)/2 <1—1/p for 1 < p < 2, the

variance is controlled by the rare late collapses, not by
the core.

Simulations were run with ¢ = 1.25, 1.5, 1.75, 2.5, and
4 for N = 10° to 1.024 x 108, with 20,000 cohorts at the
smallest size and 250 to 400 at the largest (Fig. 6). The
fitted exponents of the interquartile range are 0.23, 0.31,
0.37, 0.47, and 0.50, against the predictions 0.20, 0.33,
0.43, 0.50, and 0.50. The deviations for u = 1.75 and 2.5
are in the direction of the slow crossover expected near
w = 2. For p = 1.25 the probability that the collapse field
exceeds dy 4 + 0.04 falls from 0.088 at N = 10° to 0.015
at N ~ 105, an exponent of 0.26 against the predicted
w—1=0.25. Early collapses by more than 0.02 occur in
fewer than 0.1% of cohorts at every size, which confirms
the asymmetry. The fitted exponents of the standard
deviation are 0.12, 0.30, and 0.45 for u = 1.25, 1.5, and
1.75, against (p — 1)/2 = 0.125, 0.25, and 0.375. These
estimates depend on a small number of rare cohorts and
are less reliable than the interquartile range. At N ~ 10°
and p = 1.25 the standard deviation of the collapse field is
0.017, seven times the interquartile range, and the account
that initiates the macroscopic avalanche has a median
weight 2.7 times the mean weight, against a population
median of 0.35.

These fits support the predicted ordering and broad
scaling trend, but they are not a precise asymptotic con-
firmation. The clearest discrepancy is for tail index 1.75,
where the fitted interquartile-range exponent is 0.37 com-
pared with the predicted 0.43. The standard-deviation
exponents are especially sensitive to a few rare cohorts
and should be interpreted qualitatively.

The first relation in Eq. (31) follows from a one-big-
jump estimate. For a fixed exposure share, a cohort
has as many chances as accounts for one Pareto draw
to be comparable with the total exposure, which gives
the exponent shown in Eq. (31). The standard-deviation
relation needs one additional assumption: a dominant-
holder event must shift the collapse field by an amount
that does not vanish with cohort size. The second relation
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256 000 1000 0.00026 0.00023 0.00051  0.00053 0.0046 0.0047
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in Eq. (31) is therefore treated as a conditional asymptotic
prediction.

The dilution mechanism was therefore tested with an
event-definition-independent statistic. While a conser-
vative dominant holder remains intact, the mean-field
background map is obtained by applying impact to the
fraction of total exposure sold by the remaining cohort.
For holder shares of 0%, 10%, and 20%, the corresponding
upper-fold fields are 0.12746, 0.13083, and 0.13509. In the
same controlled cohort of 100,000 background accounts,
the fields at which the background first lost 25% of its
own exposure were 0.12784, 0.13136, and 0.13561. The
simulation therefore tracks the mean-field dilution pre-
diction to within 0.00053 in all three cases. This check
does not depend on identifying the largest avalanche and
shows directly that a sufficiently large conservative holder
delays the loss of stability of the remaining cohort.

This result isolates the robust part of the dominant-
holder effect. A conservative holder reduces the fraction
of total exposure that participates in the background
feedback, so a larger external shock is required before
the remaining cohort loses stability. The much larger
shift produced by the largest-avalanche statistic in an
earlier diagnostic is not used as evidence here because, for

an extreme holder, the event definition itself can change
which avalanche is labeled as the collapse. The heavy-
tail scaling of the standard deviation remains conditional
on rare dominant-holder events producing an order-one
shift, and the simulations should be read as support for
the mechanism and scaling order rather than a precise
asymptotic confirmation.

IX. PRECURSOR AVALANCHES

In the quasistatic protocol, each increase of the exter-
nal field releases an avalanche of S accounts. For equal
exposures, the avalanche started at state B is a Galton-
Watson process with Poisson offspring of mean R(B), Eq.
(11), so its size has the Borel distribution. The number of
avalanches started in dB is proportional to [1 — R(B)] dB,
and the size distribution integrated over the ramp up to
the collapse is

Dw)z]/B+H_Rﬂﬂfrmmsmuﬂﬂsqd3,

S!
(32)

By
/o
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FIG. 6. Heavy-tailed exposures independent of leverage. (a) Interquartile range of the collapse field versus cohort size for five
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Because 1 — R vanishes linearly at the fold, D(S) ~
S—5/2 asymptotically, as in fiber bundles [38, 39]. Figure
7 compares Eq. (32) with simulations of 40 cohorts of
N =2 x 10% accounts at the parameters of Sec. VIII for
equal and Pareto exposures and of Sec. VII for lognormal
exposures. For equal exposures the prediction, which has
no fitted parameter, agrees with the simulation within
2% for S < 200. At larger sizes the simulation exceeds
the prediction by 20% to 40%. A separate size sweep
tests whether this excess decreases with cohort size. The
approach to the asymptotic exponent is slow: the local
logarithmic slope of Eq. (32) is —2.0 to —2.1 for S between
10 and 25 and is still —2.3 at S =~ 300, because for square-
root impact the gain rises as v/B at small B and a large
share of avalanches start far from the fold.

For avalanche sizes between 200 and 1000 accounts,
the geometric mean simulation-to-theory ratio fell from
1.25 at 125,000 accounts, to 1.20 at 500,000 accounts,
and to 1.08 at 2,000,000 accounts. The mean absolute
relative discrepancy over the same range fell from 25.3% to
20.0% and then to 11.7%. This size dependence supports
finite-cohort rounding as the main source of the excess,
although the largest avalanches remain too sparse for a
precise asymptotic test.

For lognormal exposures (s, = 0.75, pg, = 0.4) and for
Pareto exposures with g = 1.5 the integrated distributions
are close to the equal-exposure curve over the accessible
range. For heavy-tailed offspring a critical branching
process has a size exponent 1+ 1/ in place of 3/2, which
would give an integrated exponent 3—1/u. The difference
between 2.33 and 2.5 cannot be resolved given the slow
crossover. The practical implication is that a measured
precursor exponent near 2 is compatible with the mean-
field theory at realistic sizes and should not be read as
evidence against it.
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FIG. 7. Size distribution of precursor avalanches, counted
in accounts, integrated over the quasistatic ramp up to the
macroscopic collapse. Symbols: simulations with N = 2 x 108
and 40 cohorts for equal, lognormal, and Pareto exposures.
Solid line: Eq. (32) for equal exposures, with no fitted param-
eter. Dotted line: slope —5/2.

Equation (32) and Fig. 7 count avalanche size in ac-
counts because that is the observable for which the equal-
exposure Borel prediction is derived. For lognormal and
Pareto cohorts, the exposure-weighted avalanche size is
the more direct market-impact observable. The present
comparison does not claim that the Borel law applies
unchanged to that exposure-weighted distribution.



X. PATH-RESOLVED PARTIAL
DELEVERAGING

A. Model

It is useful to resolve the path beyond the binary model
and allow partial liquidation. Account ¢ holds remaining
shares s;(t) and debt D;(t) at price P(t) = 1 — d(¢).
Current assets and equity are

If E;/A; < m; and the breach has persisted for longer
than the account’s execution delay, the dollar sale required

to restore the maintenance ratio is

x; =maz (0, 4, — E;/m;), (34)
with z7 = A; when equity is negative. Only a fraction
can be executed in one step,

x;(t) = min (z], rA;), (35)

where r; is a heterogeneous sale-rate limit. Sale pro-
ceeds reduce debt one for one. Let u(t) be the shares sold
in the step divided by the initial vulnerable shares. The

unabsorbed impact stock evolves as

Ut+1)=0;U®t) +u(t), or=2"Y"M_ (36)
where h; is the impact half-life and hy = oo gives
permanent impact. The drawdown relaxes toward the

contemporaneous target,

dit+1) =d(t)+v[do(t) + Af (Ut +1))—d(t)], (37)

with f the linear-to-square-root law of Eq. (22). Posi-
tion sizes and leverage follow Egs. (3) and (5), mainte-
nance ratios are normal and truncated at four standard
deviations, execution delays are Poisson, and sale-rate
limits are beta distributed (Table II). The external field is
ramped linearly over T steps and then held for 500 steps.
The time step is dimensionless. Only ratios among the
price-relaxation, execution-delay, impact-memory, and
driving times are meaningful. The values are not a cali-
bration. A = 0.50 is chosen so that a transition lies inside
the numerical window. Unless stated otherwise, hy = 80
steps.

Binary mean-field reference. For the Table II popula-
tion, using the same linear-to-square-root impact law and
the same truncated distribution of maintenance ratios
but complete instantaneous liquidation and permanent
impact, the upper mean-field fold occurs at external field
0.10469. The corresponding total drawdown is 0.13683
and the breached exposure at the fold is 0.01891. The
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path-resolved permanent-impact simulations, which add
partial deleveraging, heterogeneous execution delays, sale-
rate limits, and finite price relaxation, have large-cohort
median transition fields between 0.19537 and 0.19565.
With an 80-step impact half-life, the corresponding range
is 0.23210 to 0.23523. For these parameters, the path-
resolved balance-sheet and execution rules account for the
larger first shift away from the binary fold, while impact
decay produces a further delay. The decomposition is
descriptive rather than additive because the mechanisms
interact nonlinearly.

B. Intrinsic cascade duration

Figure 8(c,d) shows the dependence on the ramp dura-
tion for N = 8000 and 32 cohorts, with the same cohorts
used at every T'. The 10-90% width of the sold-exposure
transition, measured in steps, converges to a constant for
slow ramps: it is 32.2 £ 2.7 at T' = 4000 and 31.8 2.6 at
T = 64,000 (mean and standard deviation over cohorts),
and the average over the five slowest ramps is 7. = 32.4
steps. The width in field units is therefore

dBnax _ dglin
T 3
which falls from 0.0296 £ 0.0007 at 7' = 250 to (1.4 +
0.1) x 107* at T = 64,000. The observed narrowing is
consistent with a discontinuous quasistatic limit, and the
observed 1/T sharpening is the signature of a cascade
with a finite intrinsic duration set by the execution delay,
the sale-rate limit, and the price relaxation. For fast
ramps (T < 1000) the width in steps is smaller and the
final sold fraction larger (0.915 at T' = 250 against 0.84
for slow ramps), because the external field continues to
rise during the cascade.

Ady” 0 =7, (38)

C. Cohort-size dependence and stalled ignition

With permanent impact the cohort-to-cohort standard
deviation of the transition field, defined as the field at
which half of the final sold exposure has been sold, de-
creases from 0.0043 at N = 1000 to 0.0007 at N = 64,000
(48 cohorts per size), a fitted exponent of —0.45 [Fig.
8(b)]. With h; = 80 it does not decrease: it is 0.0064 at
N = 2000, 0.0070 at N = 8000, and 0.0051 at N = 64, 000.
The mean transition field (0.232 to 0.237), the final sold
fraction (0.83 to 0.85), and the cascade duration (32 to
34 steps) are stable across sizes.

This pattern is a form of stalled ignition. Near the
fold the cascade grows slowly, so under transient impact
the first recruitment wave can lose price impact before it
recruits enough additional sellers. In a subset of cohorts
the first wave dies after selling only a few percent of
exposure and the macroscopic cascade ignites later. The
resulting transition-field distribution is bimodal, and its



width is set by the separation of the two modes rather
than by ordinary sampling noise. Figure 8(c) shows one
example in which the same cohort transitions at different
fields under different ramp durations. No convergence to
a unique transition field is established for transient impact
over the cohort sizes studied here, so no deterministic
large-cohort limit is asserted.

The proposed mechanism was tested directly in a
matched 128-cohort control with transient impact. 24
cohorts, or 18.8%, were classified as late ignitions because
their transition field lay more than 0.008 above the co-
hort median. These late cohorts sold 9.6% of exposure
on average in the first recruitment wave, compared with
36.9% for the other cohorts. Between that first wave and
the later macroscopic ignition, the unabsorbed impact
stock fell by a median 69%. A decay greater than 25%
occurred in 79% of late cohorts but in only 8.7% of the
others. The median quiet interval after the first wave was
243 steps in the late group and zero in the other group.
These measurements directly support the interpretation
that a weak first wave can lose its own price impact before
it recruits the full cascade.

D. Impact memory

To separate suppression from delay, the ramp is ex-
tended to dy = 0.45 at the same rate (T = 4600) and
results compared with a no-feedback baseline, A = 0, in
which 44% of exposure is sold gradually by the end of the
ramp and the largest sale within any 200-step window is
J = 0.046. Figure 9 shows 22 half-lives from 3 steps to
permanent impact, three mean execution delays, and 32
cohorts of N = 8000 per point.

The largest 200-step event decreases smoothly with
decreasing memory, from J = 0.85740.004 for permanent
impact to 0.805 + 0.017 at h;y = 80, 0.613 £ 0.094 at
hy = 20, and 0.231 £ 0.009 at hy = 3 (mean delay 5).
Even the shortest memory gives an event five times the
baseline. The field at which the largest event occurs
rises from 0.194 to 0.39. Below a crossover half-life the
deleveraging fragments: the number of separate events
with J > 0.1 per cohort is exactly one for hy > 28 and
approaches two for h;y < 4. The crossover half-life is 24,
28, and 40 steps for mean delays of 1, 5, and 15 steps,
comparable to the intrinsic cascade duration 7.. Apart
from this shift the curves for the three delays nearly
coincide, so the execution delay is not the controlling
time scale. Cohort-to-cohort variability is largest for
10 < hy < 24, where the sold fraction at dg = 0.30 has a
standard deviation of 0.16 to 0.20 because some cohorts
collapse before that field and some after.

Transient impact therefore does not eliminate the cas-
cade. It delays it to a larger external shock, reduces the
size of the largest event, and splits the deleveraging into
several events when the half-life falls below the cascade
duration. An apparent suppression can be an artifact of a
driving window that ends before the delayed event: with
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the ramp stopped at dy = 0.30 and h; = 20, some cohorts
show only partial deleveraging, and the same cohorts
collapse when the ramp continues.

XI. RELATION TO PRIOR WORK AND SCOPE

Threshold-cascade models provide the broad mathemat-
ical setting [15-20|, and global-load-sharing fiber bundles
provide the closest finite-size analog [21, 22]. Financial
uses of this analogy include the common threshold frame-
work of Lorenz et al. [23], the finite systemic-risk anal-
ysis of Burkholz et al.[24], and the bank-failure model
of Biswas and Chakrabarti [25]. In the present model
the shared variable is asset price rather than a conserved
mechanical load. Failed positions carry unequal dollar
exposures, those exposures can correlate with leverage
thresholds, price impact is nonlinear, and impact can
decay. These features produce the weighted finite-size,
heavy-tail, and stalled-ignition results in Secs. VII-X.

Other financial fire-sale models emphasize overlapping
portfolios, balance-sheet networks, or recurrent leverage
dynamics [8, 10-14, 44]. This one-asset model removes
network topology and couples positions through a com-
mon price. The local instability is then controlled by
exposure density near the threshold, the sensitivity of
the maintenance threshold to price, and marginal price
impact. Onaga et al. [14] model fire sales on overlap-
ping portfolios. Fosset et al. [45] model liquidity crises
generated by feedback among price trends, volatility, and
liquidity provision. Kavya [31] already contains the lo-
cal threshold-density instability criterion, shock-driven
discontinuous transitions, and branching-process precur-
sors. The distinct results here are the exposure weighting
and leverage correlation, the weighted finite-size variance
and prefactors for nonlinear price-mediated load sharing,
the heavy-tail dominant-holder regime, and the transient-
impact dynamics.

Finite carrying capacity provides a different extension.
Caravelli et al. [30] study stochastic growth under finite
carrying capacity. For a liquidation model, an analogous
demand-side variable would represent the remaining re-
sources of marginal buyers or liquidity providers that can
absorb forced sales. Unlike the fixed impact law used
here, that capacity would be depleted by past absorption
and could later recover. Such a state variable could be
especially relevant when nominal market size is large but
the effective pool of marginal buyers is limited. Coupling
that mechanism to the present absorbing threshold model
is left for future work.

The model also has clear empirical limits. Ordinary
margined cash-equity positions satisfy Eq. (1). Options,
swaps, portfolio-margin accounts, and leveraged exchange-
traded products do not share a single maintenance equa-
tion and should not be pooled into Eq. (4) without
channel-specific state variables and sale weights. Mar-
kets with mechanical liquidation rules and observable
position-level data, such as perpetual futures and on-
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FIG. 8. Path-resolved partial deleveraging with heterogeneous positions, maintenance ratios, execution delays, sale-rate limits,
and linear-to-square-root impact with half-life h; = 80 unless noted. (a) Representative sold-exposure paths for three cohort
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cohorts per point. (c) One cohort at three ramp durations. The late transition at 7" = 4000 is a stalled ignition. (d) 10-90%
transition width in field units versus ramp duration with Eq. (38). The inset shows the same width in steps. Error bars are

standard deviations over 32 cohorts.

chain collateralized lending, provide direct settings for
testing the model. A credible empirical test would es-
timate vulnerable exposure, its joint distribution with
leverage, the maintenance rules, the impact function on a
specified horizon, and the initiating shock before the event.
It would then classify collapses out of sample rather than
infer an unobserved parameter from the occurrence of a
crash. If position sizes are heavy tailed, the largest holders
must be measured individually rather than summarized
only through an aggregate distribution.

The population is also long-only and static. Positions
do not enter or leave during the experiment, investors do
not reduce risk voluntarily before a maintenance breach,
liquidity providers do not respond to the developing order
flow, and the impact law does not change with market
state. Pre-emptive selling can matter in real deleveraging
episodes. It can reduce the exposure left for a later

mechanical cascade, but it also adds selling pressure before
the formal margin threshold is reached. The net effect
cannot be signed without a behavioral response rule. The
transition studied here should therefore be interpreted
as the mechanically triggered component of a broader
deleveraging process, not as a complete model of a market
event.

XII. CONCLUSION

A one-asset population of margined positions coupled
through price undergoes a macroscopic absorbing liquida-
tion cascade when the product of exposure density near
the maintenance threshold, threshold sensitivity to price,
and marginal impact reaches one. Exposure weighting,
the initiating drawdown, and the maintenance require-
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ment shift the boundary analytically, and the fold does
not depend on the square-root singularity or on strict
concavity of impact. The reversible cusp organizes the
onset but does not imply reversible liquidation.

The finite-cohort calculation builds on the classical
Daniels-Smith fiber-bundle exponents. The new finite-
size result is the exposure-weighted variance, including
normalization fluctuations, together with parameter-free
prefactors for nonlinear price-mediated load sharing. For
heavy-tailed exposures, scaling arguments and simulations
indicate a more granular regime in which rare large hold-
ers can delay the background instability. The standard-
deviation scaling remains a conditional asymptotic predic-
tion because it requires those rare dominant-holder events
to produce an order-one shift. The event-independent
background-loss check supports the dilution mechanism,
but the available simulations do not constitute a pre-
cise asymptotic confirmation of the heavy-tail standard-
deviation exponent. Precursor account-count avalanches

follow the expected Borel-mixture crossover, while the
exposure-weighted avalanche distribution remains a sepa-
rate observable.

The path-resolved simulations qualify the mean-field
picture in two ways. The cascade has a finite intrinsic
duration, which explains the 1/7T sharpening under slower
driving. Transient impact delays, shrinks, and fragments
the cascade when its half-life falls below that duration,
and stalled ignitions make the transition field bimodal
across cohorts.

No empirical market is calibrated in this study. The
numerical parameter sets are theoretical examples, not
forecasts for a specific asset. An empirical application
would require an estimated threshold distribution and
impact response. These inputs determine whether the
local gain in Eq. (11) can reach unity, where the low-
liquidation state disappears, and how far a finite, granular
cohort can deviate from that point.



Appendix A: Derivation of the exposure tilt

Let zy, = (ith/i— 1) /o. With Eq. (5), integration
over U leaves
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do = tp41 — Af(L), (A6)

which is Eq. (23). At that same dy, L is updated

F(d)=E [exZ—X2/2 1{Z > Zth}} =1-® (2, — x) = ® (x — zapd any additional thresholds satisfying ¢; < do + Af(L)

(A1)
which is Eq. (6). The same calculation with @ in place

of Q gives a tilt of 2y and a prefactor E [QQ] JE[Q]? = esi,
which is Eq. (25).

Appendix B: Fold derivation for power impact

On the equality map, B = F(d). From Eq. (6), z =
®~1(B) implies

x_ Tin
i—lfa(zfx)- (A2)

For d = dy + AB“,

1

-1 A
ith bo-i—CABa’ ( 3)

which yields Eq. (15). Differentiating InJ and using
dz/dB = 1/¢(z) gives

o cAaBe1
- - Ad
Ap(z) by +cABe 0 (A4)

from which Eq. (16) follows.

Appendix C: Event-driven quasistatic protocol

For each finite cohort the maintenance condition can
be written as an individual external-field threshold

t: =
' 1—-m

(A5)

The t; are sorted once with the associated weights w;.
If a cumulative weighted exposure L has already been
liquidated, the next threshold ¢ is reached at

are recruited recursively. Equivalently, avalanches start
at the running records of Dy and end just before the
next record. The avalanche with the largest liquidated
exposure defines the finite-cohort collapse field, the takeoff
state, and the jump size. This construction eliminates
control-grid broadening.

Appendix D: Path-resolved simulation parameters

Cohort-size tests use N = 1000 to 64,000 at T = 3000
with 48 cohorts per size. Ramp-rate tests use 7' = 250 to
64,000 at N = 8000 with 32 cohorts, the same cohorts
at every T. Impact-memory tests use 22 half-lives at
N = 8000 and T = 4600 with 32 cohorts, the same
cohorts at every half-life. The transition field is the field
at which half of the final sold exposure has been sold, and
the 10-90% width is the interval between the first times
at which 10% and 90% of the final sold exposure have
been sold.

Appendix E: Code and data availability

No empirical data are used. The Python source code,
fixed random seeds, generated numerical tables, the event-
independent dominant-holder check, the Section X mean-
field reference calculation, and the figure files used in this
manuscript are available at https://github.com/bonabeau-
gif/Absorbing Margin Liquidation Cascades.
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